Abstract. In this paper, we show that the infinitesimal Torelli theorem implies the existence of deformations of automorphisms. In the first part, we use Hodge theory and deformation theory to study the deformations of automorphisms of complex projective manifolds. In the second part, we use crystalline cohomology to explore the p-adic analogues of the first part, which generalizes a result of Berthelot and Ogus. The study of the deformations of automorphisms also provides criterions characterizing when the action of the automorphism group of a variety on its cohomology is faithful.
Introduction
The Hodge conjecture characterizes when a Betti cohomology class of a complex projective manifold can be represented by an algebraic cycle. Let X 0 be a complex projective manifold with a Betti cohomology class Z 0 of even degree, say Z 0 ∈ H 2d (X 0 , Q). The Betti cohomology class Z 0 is called a class of Hodge type if
One expects that Z 0 is representable by an algebraic cycle of dimension d if Z 0 is of Hodge type.
Let π : X → S be a smooth projective morphism over a complex quasi-projective variety S, and let 0 be a point of S. Deligne [8] shows that, for a family of horizontal Betti cohomology classes {Z t } t∈S of degree 2d on X/S, all the classes are of Hodge type if Z 0 is. Therefore, the Hodge conjecture predicts that {Z t } t∈S are representable by algebraic cycles if Z 0 is. This prediction is what we call the variational Hodge conjecture, see [19, Conjecture 9.6] .
Suppose that S is smooth and connected. Assume that the Betti cohomology class Z 0 is representable by a local complete intersection Z in X 0 of codimension d. Bloch [4] defines a semi-regularity map and shows that if s is injective, then the Betti cohomology classes {Z t } t∈S are representable by algebraic cycles.
In this paper, we show a similar result for automorphisms. Let {h t : H m (X t , Q) → H m (X t , Q)} t∈S be a continuous family of maps. Suppose that h 0 is H m (g 0 , Q) for some automorphism g 0 of X 0 and X 0 satisfies the infinitesimal Torelli theorem of degree m, i.e., the cup product
is injective. We show that there is a family of automorphisms {g t : X t → X t } t∈U over an open neighborhood U of 0 ∈ S such that h t = H m (g t , Q). This motivates the following definition. Definition 1.1. Let π : X → S be a smooth projective morphism over a complex quasi-projective variety S, and let 0 be a point of S. For a non-negative integer m, an automorphism g 0 of X 0 is of m-Hodge type on X/S if H m (g 0 , Q) is the stalk
of an endomorphism h of the local system R m π * Q at the point 0 where R m π * is the m-th derived functor of π * . It is obvious that g 0 is of m-Hodge type on X U /U for all m if g 0 has a deformation g : X| U → X| U over an open neighborhood U of 0 in S by taking h = R m π * (g). It is easy to see that h⊗O S preserves the Hodge filtration of R m π * (Ω • XU /U ). Conversely, we have one of the main theorems of this paper. Theorem 1.4. Let π : X → S be a smooth projective morphism from a complex variety X to a smooth curve S, and let g 0 be an automorphism of the fiber X 0 of π over a point 0 of S. Suppose that X 0 satisfies the infinitesimal Torelli theorem of degree m for some integer m. If the automorphism g 0 is of m-Hodge type on X/S, then g 0 has a deformation g : X| U → X| U over an open neighborhood U of 0 ∈ S.
One interesting application of Theorem 1.4 is Corollary 3.2 characterizing when the action of the automorphism group of a variety on its cohomology is faithful. Historically speaking, the faithfulness question of the action is first explored for varieties of low dimensions. It is well known that the faithfulness is confirmed for algebraic curves of genus at least 2 by Klein. The case of K3 surfaces is confirmed by Burns, Rapoport, Shafarevich, Ogus, among others. However, few higher dimensional varieties are known to have a positive answer to this question. Using Corollary 3.2, one can show that the automorphism groups of higher dimensional varieties (e.g. complete intersections, see [6] for details) act on their cohomology faithfully as long as they satisfy the infinitesimal Torelli theorem and the general members of these varieties have no non-trivial automorphisms.
The second part of this paper is to show the p-adic analogue of Theorem 1.4.
Recall from [19, Definition 4.7] that the q-th de Rham cohomology H q DR (X /B), for a smooth proper morphism g : X → B of noetherian schemes is defined as the
With these notions, the p-adic analogue of the variational Hodge conjecture can be formulated as follows. Let k be an algebraically closed field of positive characteristic, and let W (k) be the Witt ring of k with the fraction field K. Suppose that π ′ : X → W (k) is a smooth proper morphism with the closed fiber X 0 . Let H * cris (X 0 /W (k)) be the crystalline cohomology of X 0 . Based on the connection between crystalline cohomology and Hodge theory, Bloch, Esnault, and Kerz [5 Conjecture. The rational crystalline cycle class of an algebraic cycle Inspired by the conjecture above, it is natural to ask for the p-adic analogue of Theorem 1.4. The natural way to formulate the p-adic analogue is to replace the morphism π : X → S in Theorem 1.4 by the morphism π ′ : X → W (k) over W (k). In this case, X 0 should be the closed fiber of π ′ . Furthermore, by Hodge theory, a notable feature of X/S is that its Hodge-de Rham spectral sequence degenerates at E 1 with locally free terms. Therefore, we introduce the following definition. Definition 1.5. Let k be an algebraically closed field. A W (k)-scheme X over the Witt ring W (k) of k is of Hodge type if the structure morphism π ′ : X → W (k) is smooth and projective such that the Hodge-de Rham spectral sequence of π ′ degenerates at E 1 page and the terms are locally free.
Motivated by (1.2) in Remark 1.2, we make the following analogous definition. Theorem 1.7. Let k be an algebraically closed field, and let X be a W (k)-scheme of Hodge type with the closed fiber X 0 . Suppose that X 0 satisfies the infinitesimal Torelli theorem of degree m for some integer m, i.e., the cup product
is injective. If g 0 is an automorphism of X 0 of m-Hodge type on X/W (k), then one can lift g 0 to an automorphism g : X → X over W (k). To use Theorem 1.7, we have to verify that X 0 satisfies the infinitesimal Torelli theorem. In fact, it is verified for complete intersections and cyclic coverings in [6] and [20] . Therefore, it follows from Theorem 1.7 that, for many smooth projective varieties over an arbitrary field, their automorphism groups act faithfully on theiŕ etale cohomology, see Corollaries 3.2 and 5.4. For the applications of the faithfulness of the automorphism group action on the cohomology to arithmetic and moduli problems, we refer to [23] , [6] , [20] , [15] , and [16] .
To end this introduction, we outline the main ingredients of the proofs of Theorem 1.4 and Theorem 1.7. Theorem 1.4 involves some techniques of homological algebra, deformation theory and the theory of de Rham cohomology. The key step of the proof is to use the Riemann-Hilbert correspondence to translate a morphism between local systems into a morphism between vector bundles with integrable connections, see Section 3. To prove Theorem 1.7, this kind of translation is replaced by the rigidity of crystalline cohomology, see Sections 4 and 5.
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Homological Algebra and de Rham Cohomology
In this section, we prove some results of homological algebra. We also cite some results of the theory of de Rham cohomology. They will be used in Section 3 to prove Theorem 1.4.
It induces a morphism B 0 → B 1 filling into the diagram (2.1) such that the whole diagram commutes.
Let A be a C-algebra with an ideal I, and let π : X → S be a smooth projective morphism where S = Spec(A). Denote by S 0 the affine scheme Spec(A 0 ) where A 0 = A/I. Suppose that X 0 is the pull back of X/S along S 0 ֒→ S. Denote the natural immersion X 0 ֒→ X by i.
be the Kodaira-Spencer class of X/S, i.e., the class of the extension
Recall that H 
The sheaves H * DR are locally free of finite type and commute with base change.
Let S be a smooth C-scheme. There is a canonical integrable connection, namely, the Gauss-Manin connection 
Note that we have the following proposition about integrable connections and stratifications.
, and X 0 ⊆ X be the closed fiber. Then
It gives a stratification on H *
DR (X/S). Cohomology classes of the form
are said to be horizontal.
Deformations of Automorphisms for Algebraic Manifolds
In this section, we use the notations as in Section 2. Let g 0 be an automorphism of X 0 over S 0 = Spec(A 0 ). Lemma 3.1. Let A be a C-algebra with square zero ideal I, and let A 0 be A/I. Denote by S (resp. S 0 ) Spec(A) (resp. Spec(A 0 )). Suppose that the natural map
2) for the definition of β. Then the automorphism g 0 is unobstructed, i.e., one can extend g 0 to an automorphism
Proof. To extend g 0 to a morphism g over Spec(A), it suffices to find a morphism
where we abuse (g
0 ) * and i is the natural inclusion X 0 ֒→ X.
In fact, we have a commutative diagram
We denote the first exact sequence in the previous diagram by α. Recall that β (see Section 2) is the class of the extension
We have that
We hope it will cause no confusion if we also denote β by i * (β). It gives rise to the following diagram
t t t t t t t t t t t t t t t t t t t
where the middle short exact sequence is represented by (i
0 ) * and the bottom of (3.2) consists of O X0 -modules. We can pull back the diagram above via g * 0 . It gives rise to a commutative diagramm as (3.2), (3.3)
Note that the pull-back g * 0 is given by
where the vertical identification follows from the differential map
. The assumption g * 0 β = β follows that the exact sequence at the bottom of (3.3) is the exact sequence at the bottom of (3.2). It follows from Lemma 2.1 that there is a map u : B → D filling into the digram Proof. We translate the assumption of the theorem in terms of the Gauss-Manin connection as follows, cf. Proposition 2.3, Proposition 2.4 and Proposition 2.5. By the Riemann-Hilbert correspondence, the horizontal map h in Definition 1.1 (cf. 1.2) induces the following commutative diagram
where ∇ is given by the cup product of K X/S/C . We first show the theorem when
Denote by X N the pull-back X × S S N . Assume that g 0 can extend to an automorphism g N over S N . We base change to S N via S N ⊆ S. We have the Kodaira-Spencer class K XN+1/SN+1/C and 
Therefore, the commutativity of the diagram (3.5) (h C ∇ = ∇h C ) gives that
. If the claim holds, then it follows from Lemma 3.1 that g N is liftable to an automorphism g N +1 : X N +1 → X N +1 over S N +1 . Therefore, by the Grothendieck existence theorem, we have an automorphismĝ : X → X over S such thatĝ| X0 = g 0 .
Note that Ω
To show the claim, it suffices to show the cup product
is injective. We show the injectivity of the cup product by the induction on the length of S N . Firstly, we define two functors as follows:
from the category of O XN -modules to the category of S N -modules. The cup product is a natural transformation between these two functors
The injectivity of the vertical arrow (3.6) is the same as the injectivity of
We consider the following exact sequence
By the base change theorem [17, Chapter III, Section 12], we have the following commutative diagram of exact sequences Apply Theorem 1.4 with h = Id R m π * Q in Definition 1.1. We obtain the following corollary.
Corollary 3.2. Suppose that a smooth projective X 0 is a fiber of a smooth family of projective variety π : X → S. Assume that the cup product
is injective for some m. Then the kernel of Aut(X s ) → Aut(H m (X s , Q)) is trivial for all s ∈ S if the kernels are trivial over an open dense subset of S.
Proof. Let f 0 be an automorphism of X 0 in
Definition 1.1 can be verified by taking h = Id R m π * (Q) . Therefore, by Theorem 1.4, f 0 can be deformed to an automorphism f s ∈ Ker s of X s where s ∈ S is a general point. By the assumption of the corollary, we conclude that f 0 is a specialization of identities, therefore, f 0 = Id X0 .
Remark 3.3. One can use Corollary 3.2 to show that the automorphism groups of higher dimensional varieties (e.g. complete intersections) act on their cohomology faithfully as long as they satisfy the infinitesimal Torelli theorem and the general members of these varieties have no non-trivial automorphisms.
Crystalline Cohomology and Obstructions
In this section, we use the notations following [1] and [2] . We will carry out a proof of Theorem 1.7 through the rest of the paper. Suppose that S → T is a closed immersion of affine schemes with the square zero ideal sheaf I and the prime p is nilpotent on T . The pair (T, I) has a natural P.D structure such that I Notations and Assumptions 4.1. Throughout the rest of the paper, we fix the notations and the assumptions as follows.
Let T • be a complex. We denote by
Let T be an affine scheme with the square zero ideal sheaf I. Suppose that a prime p is nilpotent on T . Let S be the closed subscheme of T defined by I. Let X (resp. Y ) be a smooth projective scheme over T with reductions X 0 (resp. Y 0 ) over S.
Suppose that the Hodge-de Rham spectral sequences of X/T and Y /T degenerate at E 1 and the terms are locally free, so that the Hodge and de Rham cohomology sheaves commute with base change.
We denote by F X (resp. F Y ) the Hodge filtration (
X0/S ) ⊗ I. We denote ρ(f 0 ) p by ρ(f 0 ) for simplicity. On the other hand, the obstruction ob(f 0 ) of extending f 0 to a T -morphism X → Y is an element of Ext
The following proposition relates ρ(f 0 ) and ob(f 0 ). Let us cite some results from [2] . Recall that there are short exact sequences as follows ([2, Chapter 5, 5.2 (3)]):
There is a natural morphism of topoi:
given by u X/T * (F ))(U ) = Γ((U/T ) cris , j * cris F where F ∈ (X/T ) cris and j : U → X is an open immersion, cf. [2, Proposition 5.18]. 
Proof. The lemma follows from [2, 7.2.1] and our assumption 4.1.
Description of ρ(f 0 ). In this subsection, we define a map
which induces the map ρ(f 0 ).
First of all, we make a map ρ as follows. Recall that we have a map f
X0/T (see [1, Chapter III]). The map ρ is given as follows:
where the map ψ is induced by
X0/T ). The quotient Q in Lemma 4.2 gives rise to a map (4.6)
X0/T )] → i * Rf 0 * (Ru X/T * (J )). We define θ :=ρ • ρ. In other words, the map
❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞ ❞❞
where the identity in the first row follows from (X 0 ) zar = X zar and the last identity in the second row follows from 
where the identity in the first row is due to Lemma 4.3, the map G 0 is induced by the map Q in Lemma 4.2 and the vertical map G 1 is induced by
The diagram (4.7) makes it clear that ρ(f 0 ) is induced by the local map θ.
On the other hand, we have the following diagram:
The second row of the digram gives rise to a map
). Let us describe the map Ψ more precisely. The map Ψ is given by
X0/T /J 
where the map h is an isomorphism. We have proved the lemma.
By Lemma 4.4, the bottom arrow (4.9) of the diagram (4.8) induces a morphism (4.10)
. The morphism (4.10) gives rise to an "adjoint" morphism (in the derived category) and we denote it by ρ(f 0 ) as well: 
de Rham description of ρ(f 0
Furthermore, we have a diagram as follows 
where proj is the natural map following from Lemma 4.5.
Remark 4.7. To let the maps in (4.13) be more explicit, we make the following remarks.
• The map proj is given by
cf. Lemma 4.5. By the diagram in the proof of Lemma 4.2, the map proj is induced by Ru X/T * (Q) where Q is the quotient in Lemma 4.2.
• By Lemma 4.5, it is clear that π *
4.3.
Description of cup product ob(f 0 ) ∪ −. Note that we have a natural injection (4.14)
incl :
Given an element in
say the obstruction element ob(f 0 ) of the map f 0 with respect to S ֒→ T , the cup product of this element induces a morphism (in the derived category) from
to Ω p−1 X0/S ⊗I/I [2] [1] via the inclusion (4.14). Denote the cup product (in the derived category) by
. In the following, we describe the map ob(f 0 ) ∪ . Let I 0 be the ideal of X 0 in X × T Y , and let 
• be the two terms complex:
where the first term is of degree zero. In particular, there is a quasi-isomorphism as follows It gives rise to an element
as follows.
We also have a natural map
where [2, Chapter 7] ) and φ is the natural projection
Recall that there is a natural quasi-isomorphism: gr
It gives rise to a commutative diagram as follows.
It gives rise to the morphism ob(f 0 )∪ (4.15) as the composition of the following maps:
where the term at the bottom is the degree-one term of the complex
The map (4.20) induces the cup product map
p-adic Deformations of Automorphisms
In this section, we provide a general criterion lifting automorphisms of smooth projective varieties from positive characteristic to characteristic zero, see Theorem 1.7. The key point to show this criterion is Proposition 4.1. In the following, we will show Proposition 4.1 in a cautious way. We follow the notations and the assumptions 4.1 in Section 4. For p = 1, Proposition 4.1 is [3, Proposition 3.20] . In the following, we assume p ≥ 2.
Comparison of the maps ρ(f 0 ) and ob(f 0 )∪. To show Proposition 4.1, it suffices to prove
Recall that D is the PD envelope of X 0 in X × Y and A • is the two term complex (4.16) . Note the concrete descriptions of ρ(f 0 ) (4.13) and ob(f 0 )∪ (4.15). To prove the identity 5.1, it suffices to show the existence of the following diagrams:
where the map proj is the natural map (cf. Lemma 4.5)
. In the following, we construct the maps F and H so that the diagrams commute. The map H is given by
see Lemma 4.5. A direct diagram chasing can verify the commutativity of diagram I. We will only show the commutativity of diagrams II and III.
First of all, we define the map F : gr
. Define the map F p−1 as follows (p ≥ 2):
). Define the map F p as follows:
Lemma 5.1. The map F defined above is a morphism between complexes, i.e. the diagram (5.2) is commutative.
Proof. We show the commutativity of digram (5.2). In fact, let B be an element u ⊗ (a, . . . , b) of
Therefore, we have
On the other hand, we have
where the last equality follows from the definition of the complex A • , see (4.16), namely, we have Proof. To prove the commutativity of the diagram II, it suffices to prove that the following diagrams (5.5) and (5.6) commute.
Recall that w : O X0 ⊗ I/I [2] → A • is a quasi-isomorphism, see (4.17) ). It is induced by the map "in". We claim there is a commutative diagram as follows: (5.5)
In fact, we have
for u ⊗ a ∈ I/I [2] ⊗ Ω p−1 X0/S . On the other hand, we have We are able to prove Theorem 1.7.
Proof. Let h : X → W (k) be the structure map of X over the Witt ring W (k). Suppose that π is the uniformizer of W (k). We have smooth morphisms h n : X n → W n where h n = h| Wn is the restriction of h to W n = W (k)/(π n+1 ). Note that (π n+1 ) is square-zero ideal of W n+1 . Therefore, the W n+1 -module (π n+1 ) is a W n -module as well. For each h n , we have the natural cup product Ψ n as follows
Xn/Wn ) ⊗ (π n+1 )).
It follows from our assumptions that the Hodge-de Rham spectral sequence of X n /W n degenerates at E 1 and their terms are locally free so that the Hodge and de Rham cohomology sheaves commute with base change. Therefore, the cup product Ψ n is Ψ 0 ⊗ k (π n+1 ). Since Ψ 0 is the cup product (1.3) which is injective, the cup product Ψ n is injective.
Let g n : X n → X n be a lifting of g 0 over W n . Note that g n is an automorphism of X n over W n . The map Ψ n induces an injection Ψ n On the other hand, the map g n : X n /W n+1 → X n /W n+1 induces a map H 
